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A Simple Question...

Given x = (z1, x2, ..., 27) € R! with entry sum S € R

what does the subvector x = (x1,3,..., 27 1) € RY/2 sum to

E Toj-1 = !
J=1
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Answer

No trick here, the subvector could sum to anything.

But what if £ comes from a discretization of a (Lipschitz)
continuous function

I 1/2

ZCU,,;:S — szj_lz 7
=1
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Where does this come from?

Optimize over smooth probability density functions

b
min  £(p) s.t. / p(t)dt = 1 and p(t) > 0
pGCl([a,b]) a

by discretizing

minf(z) s.t. |[z|i=1landz >0
rcR?

where coordinates x = (x1, T2, ..., 2y) are defined as

Ly — p(ti)At.
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Multi-scaled optimization

e Rather than optimize over all entries x;
e optimize every other entry first
e then interpolate the result

e use the interpolate solution as a better 1nitialization to the
larger problem
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Example Plot

f(t) = -84t™4 + 146.4t"3 - 74.4t"2 + 12t
I =8
t = range(0, 1, length=I)
x = f.(t)
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Advantages

e Can start on a super coarse grid (as small as 2 points!)
e Spend most of the work solving smaller problems

e Butif ||z||; = 1, what constraint to use on smaller problems?
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Back to the question

For any vector € R, if ||z||, = S, you don’t know what the
subvector x sums to.

But if  comes from a uniform discretization of an L-Lipschitz
function f, then x sums to S/2 (at least close to it)!

I L(b—a)
_I—l 4

Normalize z = z/||z||, then ||z||; =~ 1/2

1

I L(b—a)
5 I,

_I—l 45
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Numerical Example

# Make grid
I = 276
t = range(0, 1, length=I)

# Sample function and normalize

f(t) = -84t"4 + 146.4t"3 - 74.4t"2 + 12t
x = f.(t)

S = sum(abs, x)

X ./=S # normalize x

X_subsampled = @view x[begin:2:end]

theory _error = I/(I-1) * 33.6 * (1-0) / 4S
actual _error = abs(1/2 - sum(abs, x_subsampled))

Number of points: 64
Expected Sum: ©.50000 Theoretical error: 0.13558
Actual Sum: ©.50068 Observed error: 0.00068
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Worst Case Example

# Make grid
I = 276
t = range(0, 1, length=I)

# Sample function and normalize
f(t) = t

x = f.(t)

S = sum(abs, x)

X ./=S # normalize X

X_subsampled = @view x[begin:2:end]

theory error = I/(I-1) * 1 * (1-0) / 4S
actual _error = abs(1/2 - sum(abs, x_subsampled))

Number of points: 64
Expected Sum: 0.50000 Theoretical error: 0.00794
Actual Sum: 0.49206 Observed error: 0.00794
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Extensions

e Linear constraints more generally (a, ) = b?
= can prove similar bounds for (a,x) ~ b/2
e Other p-norms ||x|[, = 1?
= conjecture ||z||, ~ (1/2)%/P

e What’s the best scheme for optimizing over many scales?
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